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The interacting model describing the Raman transition is important in the study of atom-photon
interactions. For convenience of analytical analysis, the kinetic term is often omitted. We first study
the approximation by the fidelity approach, and identify the region of validity in parameter space
of the mass and momentum. As the momentum of the radiation field decreases or the atomic mass
increases, the approximation becomes valid. We further find that the inclusion of the kinetic term
will enhance the precision measurement of the effect Rabi frequency in some parameter regions.
As for the case with the kinetic energy, enhancement of the initial Guassian state’s variance in
position space will improve the precision measurement. We also study the realistic measurement of
the effective Rabi frequency for both cases with and without the kinetic term.
I. INTRODUCTION
Raman transitions play an important role in modern
quantum optics [1–3]. There are some different types of
Raman transitions, e.g., Lambda system, Cascade sys-
tem and V system. Given the three-level structure, Ra-
man transitions usually refer to the case where an in-
termediate state induces indirect transition between two
other states. Here we mainly discuss the Lambda sys-
tem, which actually share a lot of common physics with
the other two cases. In a Lambda system, transition be-
tween the two lower states is dipole forbidden, while the
transitions to the excited state are dipole allowed. Then
the system behaves as if the two lower states are coupled
with an effective Rabi frequency [4–6]. Since many sys-
tems [7] deal with both internal energy levels and the ex-
ternal motion states [8–10], we just wonder if the kinetic
energy term influences the measurement of the effective
Rabi frequency?
Quantum Fisher information (QFI), F , corresponding
to the classical Fisher information (CFI) which is widely
used in statistics and other fields [11, 12], is the key in-
dicator of how useful a quantum state is for quantum
metrology. It can give a lower bound on the sensitivity
∆2φ ≥ 1/F for a parameter φ [13–15]. So if we can get
larger quantum Fisher information, we can gain a more
precise estimation of the parameter. That’s the spirit of
the quantum metrology, and the calculation of QFI has
been studied for many years [16–18]. We can see the
future application of the Fisher information in quantum
sensing [19], too.
Considering the importance of the effective Rabi fre-
quency, much related work has been done to study it.
For example, there already existed calculations of the
effective Rabi frequency for arbitrary order in the long-
interaction quasi-Bragg regime [9], the couple between
Rydberg states and electronic ground state [20], and the
vacuum Rabi oscillation [21], etc. Precise measurement
of the effective Rabi frequency is crucial, and this is our
aim in this article. From the perspective of QFI, we try
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to understand the influence of the kinetic energy term
in the Hamiltonian under different parameters. Among
those above research, we notice that the kinetic energy
term is omitted in some cases [9] (e.g., Raman-Nath
regime). However, for many cases it can’t be directly
omitted (Bragg regime). We try to figure out the mech-
anism in a general light-atom interaction Hamiltonian.
Here we use the Hamiltonian which considers the inho-
mogeneous field, and this means that the spatial motion
of the atomic center of mass plays an important role in
the interacting Hamiltonian between the field and the
atom [22–27]. In this article, we deal with this kind of
Hamiltonians with or without the kinetic energy terms to
figure out whether this term is crucial for the metrology
of the effective Rabi frequency in Raman Λ transition.
We find the omission of the kinetic term will decrease the
QFI, which means we can’t measure the effective Rabi
frequency precisely. What’s more, we further work out
the corresponding CFIs to see how the specific measure-
ments match the theoretical maximum. Our analytical
results will help determine when the omission is valid in
different regimes of parameters and the comparison of
QFI and CFI will make us know if some specific mea-
surements can attain the best sensitivity under certain
parameters.
This article is divided into four parts. The first part is
the following section, where we compare the final states
with or without kinetic energy term directly through the
fidelity. The above two cases become similar when the ra-
tio between the momentum of the radiation field and the
atomic mass goes down, which means the kinetic energy
becomes less important. Then, in the next section, we
give our main results about the influence on QFI when
the kinetic energy term is eliminated. We compare the
two cases with or without the kinetic energy term via
changing the parameters and we find that the above ra-
tio is also crucial for the Fisher information. The third
part mainly talks about the possibility of attaining QFI
in measurement (CFI) without the kinetic energy term.
The last part discusses QFI and CFI when the kinetic
energy term is present [28, 29].
Actually, we can see that the ratio between the momen-
tum of the radiation field and the atomic mass is critical
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2throughout the article. Furthermore, the less the ratio
is, the more the Fisher information (both cases and both
QFI and CFI) will be. Decreasing the ratio is necessary
for the enhancement of the metrology of effective Rabi
frequency. What’s more, we find that if the initial state
is Guassian type in the position space, the increasement
of the variance of the Guassian state will enhance the
Fisher information while taking the kinetic energy into
account.
II. DIRECT COMPARISON OF FINAL STATES
WITH RESPECT TO KINETIC ENERGY TERM
In this section, we will briefly discuss the effect of ki-
netic energy term in the Hamiltonian on the fidelity. We
will utilize the system of the effective two-level dynamics
in the Raman transition. In the frame rotating at the
laser frequency, our Hamiltonian will be written as
Hˆ1 =
pˆ2
2m
−~δ|b〉〈b|+ ~Ω
2
(|b〉〈a|eik0zˆ+ |a〉〈b|e−ik0zˆ), (1)
where δ refers to two-photon detuning and is typically
set as ~k
2
0
2m to nearly satisfy the two-photon resonance
condition [29]. The momentum is in zˆ direction. Ω
is two-photon Rabi frequency Ω1Ω2∆ , where the single-
photon detuning ∆ should be much larger than δ, as
depicted by resonance. The intermediate level has been
omitted, and the energy of level |a〉 has been set to
zero. The parameters are set as ~ ∼ 10−34 J· s, Ω ∼
50 s−1, m ∼ 1.44 × 10−25 kg, k0 ∼ 2×107 m−1, then
δ ∼ 1.39 × 105 s−1. Those parameters are all in SI
[30, 31], and we will always use these parameters below
if we don’t specifically mention it. In fact, we will see
below these initial parameters aren’t good enough for
the metrology of the effective Rabi frequency, however,
we will work out the better region of specific parameters
to enhance the measurement precision.
ˈ ˈ
Figure 1. Raman transition in Λ system
In order to simplify the calculations under the evolu-
tion of the above Hamiltonian, we need to use a unitary
transformation [28]
Wˆ = |b〉〈b|ei k0zˆ2 + |a〉〈a|e−i k0zˆ2 (2)
to get a su(2)-type effective Hamiltonian
Hˆe1 = Wˆ
†Hˆ1Wˆ
=
pˆ2
2m
+
k20
8m
− k
2
0
2m
|b〉〈b| − ~k0
2m
pˆ(|a〉〈a| − |b〉〈b|)
+
~Ω
2
(|b〉〈a|+ |a〉〈b|)
=
pˆ2
2m
− ~
2k20
8m
+ (
~k0
2m
pˆ− ~
2k20
4m
)σz +
~Ω
2
σx. (3)
Then the evolution operator can be written as
Uˆ1 = e
−i t~ Hˆ1 = Wˆe−i
t
~ Hˆe1Wˆ †. (4)
The advantage of the above effective Hamiltonian is
that it has eliminated the zˆ spatial component, which
doesn’t commute with zˆ-direction momentum pˆ. Then
we try to omit the kinetic energy term, which suits for rel-
atively large coupling strength and atomic mass or small
evolution time. The Hamiltonian can be written as
Hˆ2 = −~δ|b〉〈b|+ ~Ω
2
(|b〉〈a|eik0zˆ + |a〉〈b|e−ik0zˆ), (5)
where the two-photon detuning δ remains the same. Af-
ter the same unitary transformation
Wˆ = |b〉〈b|ei k0zˆ2 + |a〉〈a|e−i k0zˆ2 , (6)
to get an effective su(2)-type Hamiltonian
Hˆe2 = Wˆ
†Hˆ2Wˆ
= −~
2k20
2m
|b〉〈b|+ ~Ω
2
(|b〉〈a|+ |a〉〈b|)
= −~
2k20
4m
− ~
2k20
4m
σz +
~Ω
2
σx. (7)
This effective Hamiltonian doesn’t even consist of mo-
mentum operator, which means we can obtain a simpler
expression. Then we have the evolution operator
Uˆ2 = e
−i t~ Hˆ2 = Wˆe−i
t
~ Hˆe2Wˆ †. (8)
Before we calculate the quantum Fisher information,
we might as well compare the two final states. Here,
we assume the initial state is |ψin〉 = |a〉|ψ0〉, where the
motional state in position space is
〈z|ψ0〉 = exp(−z2/2σ2)/(piσ2)1/4, (9)
where σ ∼ 4× 10−5 m [29]. To show the exact influence
of the kinetic energy term on the evolved final state, we
calculate the fidelity
F = |〈ψf1|ψf2〉|2
= |〈ψin|Uˆ†1 Uˆ2|ψin〉|2
= |〈ψ0|〈a|Wˆ ei t~ Hˆe1e−i t~ Hˆe2Wˆ †|a〉|ψ0〉|2, (10)
3and give the contour plot in the following figure. We can
see the general trend, which is that the fidelity become
larger asm increases or k0 goes down, leading to the valid
omission of kinetic energy in the Hamiltonian. We will
see this trend satisfies our calculation of QFI below.
m
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Figure 2. Contour plot of the fidelity between the final states
of two cases.
III. THE EFFECT OF KINETIC ENERGY
TERM ON QFI
Now let us turn back to the calculation of the QFI.
For the su(2)-type Hamiltonian, a general solution for the
QFI has been discussed [16]. We can define a Hermitian
operator which is independent of the initial state
H1 = i(∂ΩUˆ†1 )Uˆ1. (11)
If the initial state is pure state, the QFI can be expressed
as [17]
F = 4〈ψin|∆2H1|ψin〉. (12)
In fact, momentum representation will be helpful to our
computation as you can see in the Appendix. We still use
the initial state (9). After the evolution of the Hamilto-
nian, we finally get the integral formalism of QFI
F =
σ
~
√
pi
∫ ∞
−∞
dp e−
p2σ2
~2
[(
Ω2 (sinωt− ωt)
ω3
− sinωt
ω
)2
+
(
kpΩ (sinωt− ωt)
mω3
)2
+
(
(kp) (1− cosωt)
mω2
)2 ]
,(13)
where
ω =
√(
kp
m
)2
+ Ω2. (14)
Again, as for the case without the kinetic energy term,
we can again define a Hermitian operator which is inde-
pendent of the initial state
H2 = i(∂ΩUˆ†2 )Uˆ2. (15)
The whole procedure is similar to the above case. We
still use the initial state |ψin〉 = |a〉|ψ0〉, so the calcu-
lation for the QFI still uses the expression (12). When
the kinetic energy term is absent, the calculation will be
much easier and we can get a specific expression for the
QFI as is written in the Appendix. After the evolution
of the Hamiltonian, the QFI at t will be:
F =
1
8m4ω′6
[
2~4k80 sin2
ω′t
2
+ 8m4t2Ω6
+ ~2k40m2Ω2(3 + 4ω′t sinω′t
+ cos 2ω′t− 4 cosω′t+ 2Ω2t2)], (16)
where
ω′ =
1
2
√
~2k40
m2
+ 4Ω2. (17)
We compare it with the QFI with kinetic energy term
in the following figures, and we will focus on the situa-
tions where the parameters are set such that the former
(QFI without kinetic energy) increases from nearly zero
to almost approach the latter (QFI with kinetic energy).
Other cases out of the range will be trivial as will be seen
from Figure 3.
(a)
(b)
Figure 3. (a) QFI with (solid line) or without (dashed lines)
kinetic energy using m = 10−21, 6× 10−22, 2× 10−22 kg while
remaining the others the default. (b) QFI with (solid line)
or without (dashed lines) kinetic energy setting k0 = 105, 3×
105, 5× 105m−1 while remaining the others the default.
4As we stated before, in the settings of original parame-
ters, the QFI with the kinetic energy is much larger than
that without the kinetic energy term, which means the
direct omission of the kinetic energy in the Hamiltonian is
unreasonable for measuring the effective Rabi frequency.
From the figures, we can read that when m < 10−22 or
k0 > 5× 105 the latter almost vanishes compared to the
former. Only when m > 10−21 or k0 < 105 can the
latter approach the former, which satisfies the fact that
the ratio between the momentum of the field and the
atomic mass is crucial. However, unlike the case without
the kinetic energy, in Figure 4 we show how the Guas-
sian state’s variance σ influence the former (the variance
doesn’t influence the latter from its expression):
Figure 4. QFI with respect to σ, here we set t = 1s and
remain the others unchanged.
IV. PRACTICAL MEASUREMENT OF
EFFECTIVE RABI FREQUENCY WITHOUT
KINETIC ENERGY
In fact, we don’t know if the QFI will be saturated
in practical measurement. Although the QFI gives the
theoretical best sensitivity, we still need to choose a par-
ticular measurement scheme to attain it. The CFI gives
the sensitivity of the measurement of a particular observ-
able and the information of the parameter (in our case
Ω) is hidden in the probability distribution of the out-
come of observable. So we will find a real observable
and check the parameter sensitivity which the measure-
ment of given observable provides. For simplicity, we will
firstly check out the case without kinetic energy term in
this section.
The definition of CFI is
I =
∫
P (λ|θ)(∂lnP (λ|θ)
∂θ
)2dλ, (18)
where P (λ|θ) is the probability of obtaining λ when the
parameter is θ and we measure the observable Λˆ. For
example, if we carry out the population-difference mea-
surement Λˆ = Sˆz, then the CFI will be denoted as
I1 = Σi=a,b(∂ΩPi)
2/Pi. (19)
In the case of continuous variables, such as momentum
measurement Λˆ = pˆ, the analytical expression of the cor-
responding CFI can be given below
I2 =
∫
(∂ΩP (p))
2/P (p)dp. (20)
To calculate the CFI with the Sˆz, we know
I1 = Σi=a,b(∂ΩPi)
2/Pi = (∂ΩPa)
2/[Pa(1− Pa)], (21)
so we can use Pa = 〈ψa|ψa〉 = |〈a|ψout〉|2 to represent the
probability in level |a〉 of the final state. Then we have
|ψa〉 = 〈a|e−i t~ Hˆ2 |a〉|ψ0〉 = 〈a|We−i t~ Hˆe2W †|a〉|ψ0〉
= e−i
k0zˆ
2 〈a|e−i t~ Hˆe2ei k0zˆ2 |a〉|ψ0〉
= 〈a|e−i t~ Hˆe2 |a〉|ψ0〉. (22)
So the probability is
Pa = |〈a|e−i t~ Hˆe2 |a〉|2 = cos2c1 + n2z1sin2c1, (23)
where
c1 = − t~
√
~4k40
16m2
+
~2Ω2
4
, (24)
nz1 =
−~2k204m√
~4k40
16m2 +
~2Ω2
4
. (25)
So we finally get our analytical solution of CFI:
I1 =
(
k40~2 sin ω
′t
2 + 2m
2ω′Ω2t cos ω
′t
2
)
2
m2ω′4 (2m2Ω2 (cosω′t+ 1) + k40~2)
. (26)
In the following, we summarize the Fisher information
(QFI, CFI for Sˆz ) in Figure 5.
Figure 5. Fisher Information, in which the parameters are
set as ~ ∼ 10−34J· s,Ω ∼ 50s−1, σ ∼ 4 × 10−5m,m ∼ 1.44 ×
10−25kg, k0 ∼ 2×107m−1. Those parameters are all in SI as
we presented, and we will always use these parameters below
if we don’t specifically mention it.
We can see the Fisher information is so small that the
final state almost doesn’t contain information of Ω. The
5situations become different when the parameters change,
such as m and k0 for different values in Figure 6.
(a)
(b)
(c)
Figure 6. QFI and CFI when the kinetic energy term is absent
for different mass m = 10−23, 10−22, 10−21 kg while keeping
the other parameters the default. We can see that the Fisher
information basically become larger as the mass increases.
We obtain when the mass of the atom become suffi-
ciently large, especially larger than 10−22kg, the Fisher
information become considerable. But atoms with such
large mass seem to be difficult to find in reality, so it’s
probably a hard task to enhance the metrology preci-
sion of Ω via increasing the atomic mass. However, the
parameter k0 also contributes a lot. Change of the pa-
rameter of the radiation field could be a better way to
improve the Fisher information, as seen from the Figure
7.
(a)
(b)
(c)
(d)
Figure 7. QFI and CFI when the kinetic energy term is ab-
sent for different wave-vector k0 = 106, 105, 104, 103m−1 while
keeping the other parameters the default.
Basically, the ratio k
4
0
m2 influences the result signifi-
cantly as seen from the expression. When this value is
sufficiently small, the CFI coincides with QFI well and
both become substantial. Since the enhancement of the
atomic mass is usually unpractical, increasing the wave-
length of the radiation field might be helpful to the fre-
6quency measurement. And this value also occupies an
important place in the Fisher information with the ki-
netic energy as we will see. More differences can be ob-
tained using our analytical solutions.
V. PRACTICAL MEASUREMENT OF
EFFECTIVE RABI FREQUENCY WITH
KINETIC ENERGY
Now, we will turn to the case with the kinetic energy
term to see if the QFI will be saturated. The same as the
QFI, the CFI with the kinetic energy term is a little bit
cumbersome. To calculate I1 = (∂ΩPa)2/[Pa(1−Pa)], we
need to know |ψa〉 = 〈a|ψout〉:
|ψa〉 =〈a|We−i t~ Hˆe1W †|a〉|ψ〉
=〈a|e−i k02 zˆe−i t~ Hˆe1ei k02 zˆ|a〉|ψ〉
=e−i
k0
2 zˆe−i
t
~ (
pˆ2
2m−
~2k20
8m )(cosc2 − inz2sinc2)ei
k0
2 zˆ|ψ〉,
(27)
where the operators read
c2 = − t~
√
(
~Ω
2
)2 + (
~k0
2m
pˆ− ~
2k20
4m
)2, (28)
nz2 =
~k0
2m pˆ− ~
2k20
4m√
(~Ω2 )
2 + (~k02m pˆ−
~2k20
4m )
2
. (29)
As a result, we can get the probability:
Pa = 〈ψ|e−i
k0
2 zˆ(cos2c2 + n
2
z2sin
2c2)e
i
k0
2 zˆ|ψ〉
=
∫
dp〈ψ|e−i k02 zˆ(cos2c2 + n2z2sin2c2)ei
k0
2 zˆ|p〉〈p|ψ〉
=
∫
dp|〈ψ|p〉|2(cos2c′ + n′2z sin2c′), (30)
where
c′ = − t
~
√
(
~Ω
2
)2 + (
~k0
2m
p)2, (31)
n′z =
~k0
2m p√
(~Ω2 )
2 + (~k02m p)
2
. (32)
Then we can get the integral formalism of CFI for popu-
lation difference measurement.
Nevertheless, the CFI in this case is actually very small
compared to the QFI, which means the population differ-
ence measurement isn’t a good candidate for estimating
Ω. However, since the QFI, as the maximum of CFI,
is large, we can believe there should be some measure-
ment which facilitate the ascent of CFI. If we carry out a
measurement which resolves the internal states and the
momentum distribution Λˆ = (Sˆz, pˆ) [29, 32], the CFI is
I3 =
∑
s=a,b
∫
dp
[∂ΩPs(p)]
2
Ps(p)
. (33)
Figure 8 will show more information about the parame-
ter:
Figure 8. Fisher Information with kinetic energy while mea-
suring Sz and pz
The CFI has become larger, but it’s still small com-
pared with QFI. However, if we change the initial state’s
variance, we can finally obtain the Figure 9.
Figure 9. Fisher Information with kinetic energy for σ =
10−3m
The variation of Guassian state’s variance won’t
change the Fisher information without the kinetic en-
ergy term. We conclude with the fact that under some
circumstance the kinetic energy term shouldn’t be elim-
inated directly for the metrology of Ω. More cases with
much changed parameters can be obtained using our an-
alytical expressions.
VI. CONCLUSION
In summary, we have theoretically investigated the ef-
fect of the kinetic energy on the measurement precision
of the effective Rabi frequency. Through transforming
the original Hamiltonian into a su(2)-type Hamiltonian,
we can obtain the analytical expression of the QFI and
CFI which indicate the uncertainty of the frequency.
7We can list our main results in the followings. Firstly,
under certain parameters, the QFI without the kinetic
energy term is not favourable for the metrology of the ef-
fective Rabi frequency Ω. Considering this case alone,
however, some changes for these parameters, e.g., in-
creasing k
4
0
m2 , will increase the Fisher information (both
QFI and CFI). Secondly, the QFI with kinetic energy is
much larger, so we anticipate better CFI. Although we
found that the population difference measurement is not
adequate for CFI, inclusion of the momentum measure-
ment will help a lot. Some changes on the parameter,
e.g., variance of the initial state, will make CFI almost
approach QFI. In conclusion, the inappropriate omission
of the kinetic energy term will cause a negative effect
on measurement of effective Rabi frequency with some
parameters. The Fisher information in different regions
of parameters can be deduced from our expressions and
they can contribute to the precise measurement of the
effective Rabi frequency in realistic situations.
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Appendix: Detailed calculations of QFI
We use the crucial result of the article [16]. For the
su(2)-type Hamiltonian Hˆ = r(φ) ·J , we focus on a uni-
tary parametrization Uˆ = e−iHˆ(φ)t (here we set ~ = 1
and we can recover it after the whole calculation using
dimension analysis). Then we can define a Hermitian op-
erator H = i(∂φUˆ†)Uˆ and a velocity vector v = drdθ . For
an initial pure state |ψ〉, we have the quantum Fisher in-
formation for the final state: F = 4(〈H2〉− 〈H〉2), where
the
H = (r · v)(sin|r|t− |r|t)|r|3 r · J −
sin|r|t
|r| v · J
+
1− cos|r|t
|r|2 (r × v) · J (1)
Case 1: the QFI with the kinetic energy,
H1 = i(∂ΩUˆ†1 )Uˆ1 = iWˆ (∂ΩeitHˆe1)e−itHˆe1Wˆ †
= iWˆ (∂Ωe
it(~r· ~J))e−it(~r· ~J)Wˆ †
= WˆH′Wˆ † (2)
where ~r = (Ω, 0, k0m pˆ− k
2
0
2m ), ~v = (1, 0, 0).
H′ = i(∂Ωeit(~r· ~J))e−it(~r· ~J) = ~R · ~σ
where
~R =
(
Ω2(sin(|~r|t)− |~r|t)
2|~r|3 −
sin(|~r|t)
2|~r| ,
1− cos|~r|t
2|~r|2 (
k0
m
pˆ− k
2
0
2m
),
Ω(sin(|~r|t)− |~r|t)
2|~r|3 (
k0
m
pˆ− k
2
0
2m
)
)
(3)
Since we can easily get the equation,
〈p|ψ0〉 =
∫ ∞
−∞
〈p|z〉〈z|ψ0〉 =
√
σ
4
√
pi
e−
p2σ2
2 (4)
and
Wˆ †|a, ψ0〉 =
∫ ∞
−∞
ei
k0zˆ
2 |p〉dp〈p|ψ0〉|a〉
=
∫ ∞
−∞
dp
1
4
√
piσ2
e−
p2σ2
2 ei
k0zˆ
2 |p〉|a〉 (5)
we can simplify the above as
Wˆ †|a, ψ0〉 =
∫ ∞
−∞
dp
√
σ
4
√
pi
e−
p2σ2
2 |p+ k0
2
〉|a〉 (6)
Finally we obtain
〈H1〉 = − σ√
pi
∫ ∞
−∞
dpe−p
2σ2〈p+ k0
2
|Rˆz|p+ k0
2
〉 (7)
and
〈H21〉 =
σ√
pi
∫ ∞
−∞
dpe−p
2σ2〈p+ k0
2
|Rˆ2|p+ k0
2
〉 (8)
8F =
σ
~
√
pi
∫ ∞
−∞
dp e−
p2σ2
~2
{
Ω2
(
sin
(
t
√(
kp
m
)2
+ Ω2
)
− t
√(
kp
m
)2
+ Ω2
)
√(
kp
m
)2
+ Ω2
3 −
sin
(
t
√(
kp
m
)2
+ Ω2
)
√(
kp
m
)2
+ Ω2

2
+

(kp)
(
1− cos
(
t
√(
kp
m
)2
+ Ω2
))
m
(√(
kp
m
)2
+ Ω2
2)

2
+

(kp)
(
Ω
(
sin
(
t
√(
kp
m
)2
+ Ω2
)
− t
√(
kp
m
)2
+ Ω2
))
m
(√(
kp
m
)2
+ Ω2
3)

2}
(9)
Case 2: the QFI without the kinetic energy,
H2 = i(∂ΩUˆ†2 )U2 = iWˆ (∂ΩeitHˆe2)e−itHˆe2Wˆ †
= iWˆ (∂Ωe
it(~r· ~J))e−it(~r· ~J)Wˆ †
= WˆH′Wˆ † (10)
where ~J = ~σ2 , ~r = (Ω, 0,− k
2
0
2m ), ~v =
d~r
dΩ = (1, 0, 0).
H′ = Ω(sin(|~r|t)− |~r|t)|~r|3 (
Ω
2
σx − k
2
0
4m
σz)
− sin(|~r|t)|~r|
σx
2
+
1− cos(|~r|t)
|~r|2 (−
k20
4m
)σy
= ~R · ~σ (11)
where
~R =
(
Ω2(sin(|~r|t)− |~r|t)
2|~r|3 −
sin(|~r|t)
2|~r| ,
− k
2
0(1− cos(|~r|t))
4m|~r|2 ,−
Ωk20(sin(|~r|t)− |~r|t)
4m|~r|3
)
(12)
Since the Fisher Information F = 4(〈H22〉 − 〈H2〉2), the
initial state is |a, ψ0〉, where 〈z|ψ0〉 = 14√
piσ2
exp(− z22σ2 ).
Then due to Wˆ †|a, ψ0〉 = |a〉ei
k0zˆ
2 |ψ0〉, the z-space
doesn’t contribute to the final Fisher information.
F = 4(〈a|(~R · ~σ)2|a〉 −R2z) = 4(R2x +R2y)
=
8m2
(k40 + 4m
2Ω2) 3
[
k80
(
1− cos
(
1
2
t
√
k40
m2
+ 4Ω2
))
+ k40m
2Ω2(−4 cos
(
1
2
t
√
k40
m2
+ 4Ω2
)
+ cos
(
t
√
k40
m2
+ 4Ω2
)
+ 2t2Ω2 + 3
+ 2t
√
k40
m2
+ 4Ω2 sin
(
1
2
t
√
k40
m2
+ 4Ω2
)
) + 8m4t2Ω6
]
(13)
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